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Abstract: The population balance equation finds many applications in modelling poly-dispersed systems arising in many
engineering applications such as aerosols dynamics, crystallization, precipitation, granulation, liquid-liquid, gas-liquid,
combustion processes and microbial systems. The population balance lays down a modern approach for modelling the
complex discrete behaviour of such systems. Due to the industrial importance of liquid-liquid extraction columns for the
separation of many chemicals that are not amenable for separation by distillation, a Windows based program called
LLECMOD is developed. Due to the multivariate nature of the population of droplets in liquid —liquid extraction columns
(with respect to size and solute concentration), a spatially distributed population balance equation is developed. The basis
of LLECMOD depends on modern numerical algorithms that couples the computational fluid dynamics and population
balances. To avoid the solution of the momentum balance equations (for the continuous and discrete phases), experimen-
tal correlations are used for the estimation of the turbulent energy dissipation and the slip velocities of the moving droplets
along with interaction frequencies of breakage and coalescence. The design of LLECMOD is flexible in such a way that
allows the user to define droplet terminal velocity, energy dissipation, axial dispersion, breakage and coalescence frequen-
cies and the other internal geometrical details of the column. The user input dialog makes the LLECMOD a user-friendly
program that enables the user to select the simulation parameters and functions easily. The program is reinforced by a pa-
rameter estimation package for the droplet coalescence models. The scale-up and simulation of agitated extraction col-

umns based on the populations balanced model leads to the main application of the simulation tool.

INTRODUCTION

In liquid-liquid contacting equipment such as completely
mixed and differential contactors [1,2], droplet population
balance based-modeling is now being used to describe the
complex interaction of hydrodynamics and mass transfer.
This is due to the complex nature of the macroscopic dis-
persed phase interactions in a continuously turbulent flow
field. These macroscopic interactions such as droplet break-
age and coalescence result in a distributed population of
droplets. This population is distributed not only in the spatial
domain of the contacting equipment, but also randomly dis-
tributed with respect to the droplet state (properties) such as
size, concentration and age. Within this framework it appears
that Hulburt and Katz [3] and Valentas and Amundson [4]
were among the first who introduced the population balance
equation (PBE) into the modelling of chemical engineering
processes involving dispersed phase operations. Such proc-
esses include unit operations carried out in batch and con-
tinuous stirred tanks as well as in differential contacting
equipment such as crystallization [5,6], bubble [7] and lig-
uid-liquid extraction columns (LLEC) [8-10]. In such unit
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operation equipment the dynamically changing behaviour of
the dispersed particles, or strictly speaking droplets (or bub-
bles), makes it necessary to consider a detailed mathematical
rather than lumped modelling approach. These details are
necessary to describe the discontinuous events occurring due
to the interaction of the turbulent continuous and the dis-
persed phases constituents (droplets) such as breakage and
coalescence. Loosely speaking, the term breakage considers
the interaction of a single droplet with the turbulent continu-
ous phase where the droplet undergoes breakage if the turbu-
lent kinetic energy transmitted to the droplet exceeds its sur-
face energy [11]. On the other hand, droplet coalescence is
expected to occur due to the interaction between two droplets
and the turbulent continuous phase. The coalescence be-
tween these two droplets is considered to occur if the inter-
vening liquid film has sufficient contact time to be drained
out [12]. Consequently, it is expected to find a droplet size
distribution along the spatial coordinate of the liquid-liquid
contacting equipment. The strong simplification when as-
suming uniform droplet size distribution based on a mean
droplet diameter (d§2) is then obsolete [13-15]. Accord-
ingly, the promising modelling of these phenomena, based
on the population balances, offers not only the dispersed
phase hold-up (volume concentration) but also any integral
property associated with the resulting particle (droplet) dis-
tribution such as the mean droplet size and the specific inter-
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facial area required for the calculation of mass and heat
fluxes [16-20].

The population balance approach is applied for modelling
the behaviour of the interacting liquid-liquid dispersions in
either two basic ways: the stage-wise and the differential
models. In the stage-wise [15,17,21,22] the multistage col-
umn is represented by a sequence of interacting stirred tanks
with forward and backward flow components to compensate
for the non-ideal behaviour of each tank. Practical examples
of such columns are the perforated plate column, pulsed
sieve plate column, Scheibel column and mixer and settler
cascades. In this way, a population balance equation has to
be written for each tank with the required boundary condi-
tions. In the differential model approach the phases are con-
tinuously contacted and allowed to separate only at the exit
from the contactor such as the spray column, the rotating
disc contactor (RDC), pulsating plate, Kithni and the Old-
shue-Rushton column. In such equipment, the PBE is usually
formulated as a conservation law in terms of volume concen-
tration (mass for constant dispersed phase density)
[8,9,16,20,23,24]. The resulting differential model takes into
account the droplet transport; breakage and coalescence as
well as the necessary boundary conditions, though the latter
are not clearly stated in the published literature. For a com-
prehensive review of mathematical modelling of liquid-
liquid extraction columns, their advantages and disadvan-
tages, the interested reader could refer to Mohanty [25].

Concerning commercial simulation modules for liquid-
liquid extraction columns, a lot of software systems for mod-
eling of chemical separation processes (such as distillation,
absorption, extraction etc.) have been created to perform
flowsheet based simulations. However, to the best of the
authors’ knowledge, there is no unique program available for
the simulation of liquid-liquid extraction columns based on
the bivariate spatially distributed population balance equa-
tions in the existing commercial software such as ASPEN,
CHEMSEP, CEMCAD and so on. For example, ASPEN has
ColSim which is an advanced stage-wise program for the
simulation of industrial rotating disc contactors (RDCs),
where it provides insights into column performance by using
physically realistic and validated models for drop break-up
and mass transfer. The models in ChemSep include the only
available rate-based model for liquid-liquid extraction with-
out population balance framework. Thus, there is a need to
build a stand-alone windows based program that describes
the steady state as well as the dynamic behavior of such ex-
tremely important separation equipment. The LLECMOD
(Liquid-Liquid Extraction Column MODule) comes to fill
this gap in process simulation and allows the description of
the bivariate properties of the droplet swarm and the con-
tinuous phase (solute concentrations and droplet population
distribution).

The basic feature of LLECMOD program is to provide
the simulation of both transient and steady state through an
interactive Windows input dialogs as well as a parameter
estimation package for droplet coalescence models based on
small scale laboratory devices. The LLECMOD is not re-
stricted to a certain type of liquid-liquid extraction columns
because it is built in the most general form, which allows the
user to input the various droplet interaction correlations
through a user defined functions. These functions include
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droplet terminal velocity taking into account the swarm ef-
fect, slowing factor due to column geometry, the breakage
frequency and daughter droplet distribution, the coalescence
frequency and the axial dispersion coefficients. LLECMOD
is not restricted to any chemical systems since variable input
functions based on the EFCE correlation types and/or IK-
cape functionality is provided.

Sample problems on the basis of the performance and the
mass transfer of RDC and Kiihni extraction columns are suc-
cessfully simulated and compared to the experimental data
[26,27]. However, other column types can easily be treated
(e.g. packed and sieve tray columns, pulsed or spray col-
umns) when using adapted correlations [2]. Accordingly, the
applications of population balance simulation for column
scale-up leading to optimal column design and optimization
of operating conditions is now made possible within the
LLECMOD environment.

THE MATHEMATICAL MODEL
The SDPBE

The general spatially distributed population balance
EQUATION (SDPBE) describing the coupled hydrodynam-
ics and mass transfer in LLECs in a one spatial domain could
be written as [19,20,28-31]:

Ofy. W) Olu gy, (W) 0l [y, (w)]
Y + - Y + - Y —
ot 0z 3cy
foe W) Q" | .
0 d’uy L mn .
In this equation the components of the vector

v =|[d ¢, z t]are those for the droplet internal coordinates

(diameter and solute concentration), the external coordinate
(column height), z, and the time, ¢, where the velocity

along the concentration coordinate (%) is c'y. The source

term Y.0f represents the net number of droplets produced

by breakage and coalescence per unit volume and unit time
in the coordinates range [{,{ + O&] . The left hand side is the

continuity operator in both the external and internal coordi-
nates, while the first part on the right hand side is the drop-
lets axial dispersion characterized by the dispersion coeffi-

cient, Dy , which might be dependent on the energy dissipa-

tion and the droplet rising velocity [8]. The second term on
the right hand side is the rate at which the droplets entering

the LLEC with volumetric flow rate, Qv that is perpen-

,in
dicular to the column cross-sectional area, A , at a location
z, with an inlet number density, fu"” , and is treated as a

point source in space. The dispersed phase velocity, u , rela-

tive to the walls of the column is determined in terms of the
relative (slip) velocity with respect to the continuous phase

and the continuous phase velocity, u , with respect to the

walls of the column as follows:
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2)

The velocity, u_, appearing in the above equation could

be related to the single droplet terminal velocity, U, , to take
into account the droplet swarm (the effect of the dispersed
phase hold up, d)y) and the flow conditions in a specific

equipment:

=K,(1-9)" 3)

where m is called the velocity exponent in LLECMOD and
may be function of the Reynolds number of the liquid drop-
let [10]. The elements of the vector P consists of the system

physical properties ([ p 0 ]), and K

U
s

u,(d, P)

is a slowing factor
taking into account the effect of the column internal geome-
try on the droplet terminal velocity (0 < K < 1) [8, 32]. A
useful guide for selecting the suitable droplet terminal veloc-
ity based on the shape of the droplet (rigid, oscillating or
circulating), and hence on the system physical properties,
could be found in Gourdon et al. [33].

is
predicted using a component solute balance on the continu-
ous phase [20]:

The solute concentration in the continuous phase, ¢, ,

% — aﬁ[uzsﬁzcz + Dz%]
: z
“4)
Qm n

L I&zfz

[4

f f pmax

Note that the volume fraction of the continuous
¢, + qﬁy =1.

The left hand side of Eq.(4) as well as the first term on the
right hand side have the same interpretations as those given

@)y, (¥)ddde,

phase, ¢, satisfies the physical constraint:
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in Eq.(1); however, with respect the continuous phase. The
last term appearing in Eq.(4) is the total rate of solute trans-
ferred from the continuous to the dispersed phase, where the
liquid droplets are treated as point sources. Note that Eq.(1)
is coupled to the solute balance in the continuous phase
given by Eq.(4) through the convective and the source terms.
The bivariate source term appearing in Eq.(1) due droplet
breakage and coalescence is given by the set of equations
shown in Table 1 below [20].

Note that in the source terms given in Table 1 above, the
breakage and coalescence frequencies are given by: I'and

W respectively, while 3 is the daughter droplet distribu-

tion resulting from the breakage of mother droplet of volume

v .
MASS TRANSFER COEFFICIENTS

The individual mass transfer coefficients for the dis-
persed and continuous phases are found dependent on the
behavior of the single droplet in the sense whether it is stag-
nant, circulating or oscillating [34]. In LLECMOD many
available phenomenological and experimentally correlated
mass transfer models are included [35-41]. Accordingly, the
resistance in series combination of these individual mass
transfer coefficients results in the overall mass transfer coef-

ficient, K

oy which can be used to predict the rate of change
of solute concentration in the liquid droplet as expressed in

terms of the droplet volume average concentration:

8C?/(Z,t

) 6K
ot

— oy

- — (er(c,) ¢, (50)) (5)

Note that K oy MY be a function of the droplet diameter,

d, and time depending on the internal state of the droplet;
that is, whether it is circulating or behaving like a rigid
sphere. The overall mass transfer coefficient is usually ex-
pressed using the two-resistance theory in terms of the indi-

Table 1. The Bivariate Source Term for the SDPBE (see Eq. (1))
Birth by breakage f f rd' d)y, 6,(d | d")f,. (d',c'y;t, 2)6(c —c )8d'30
0 Ty
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1 pd pc! d >
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1 !
Birth by coal n=(d*—d®M3 " = D — ¢, ud)
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v(d) — v(d")
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'y,max = min(cy,max’(v( )/U(d'))cl/)
(& &) e
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vidual mass transfer coefficients for the continuous and the
dispersed phases and ¢, = (8cy / dc, )cw [1].

MODEL DISCRETIZATION

Internal Coordinate Discrete Discretization: Detailed
Model

The model discretization proceeds formally by first ap-
plying the quadrature method of moments (QMOM) [42] to
integrate out the solute concentration after multiplying

Eq.(1) by c;"v(d) (with m = 0 and 1) and integrating it from

0to ¢

o which results in two coupled marginal densities:

Cy ,max

f,(d,2,t) and q(d,zt) =
0
close the integrals appearing in the source terms of Table 1

cyv(d)fd_c (w)acy [20,30]. To

above (representing them in terms of either f,or ¢), the

bivariate density function f, is expanded as a product of
™y

the marginal density f, and a Dirac delta function centered

at the solute concentration ¢,(d):
fd‘c = fy(d;z1)8(c, —¢,(d)). Using this, the following set

of population balance equations could be obtained [20]:

Gq(d;z,t)JrQ 7,a(d: ) — D 9q(d;2,t)
ot 0z Y9z
_ &ﬁ 5z — 2) (6)
v, v

mn

+f cl/f]( dc z,t)ﬁ(’ —0—7rq(fl,q7 c)

Ohldizt) | O, ¢ (gizpy— p, Huldz)
ot +8z fd(d - D, Oz
Qm in
= 0= 5) (1) ™
’U
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here ¢ = ¢ (d)v(d)f;, and (7, ljy) are evaluated at the

mean solute concentration (Ey ). The expressions of the

— 70 c . c
source terms 17, = 1T, + 1T, and TTq 7Tq + 7Tq

n are pre-

sented in Table 2

The two population balance equations given by Egs. (6 &
7) represent an infinite set of partial differential equations in
terms of droplet size d . To reduce this to a finite set of par-

tial differential equations, the marginal density fd is ex-

panded in terms of a set of Dirac delta functions with distinct
weights and positions as:

f(d;2,t) Zwéd d,) (8)

where d, is the representative size of the droplet positioned

at the center of the partition: [d, d l,i=1, 3,...Np.

i-1/2>%it1/2
Note that the number of partitions is arbitrary and is equal to

Np . The weight of the droplets w), is given by:

d1+1 2
w,(z,t) = fd /fd(d;z,t)(?d
i-1/2 (9)

and physically is the total droplet concentration in the ith
partition (number per unit volume of the coexisting phases).

The corresponding solute concentration of these droplets
in the ith partition is given by:

) '7 ;>
o ={uam T o) (10)

0 , otherwise

where £ is the machine epsilon.
Now by substitution of Eq. (8) into Egs. (6 & 7) and in-
tegrating both sides over the partition:

[d1‘,71/27d7:+1/2],i =13..N,,

set of partial differential equations:

one can get the following finite

Table2. The Source Terms for the SDPBEs Given by Eqs.(6 & 7)
b Upnax
Mn _r(v,q/,%,P)Jg,(v;t,z)+f "T(v',2,.0,,P)B, (v | v)f, (vt 2)00"
RN v {
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Since measuring the solute concentration of a specific
group of droplet in any partition i is impractical, the mean
solute concentration in all the partitions (mixed cup concen-
tration) is of practical importance and is given by:

M, M,
: ¢, w(d;) Zqi
c = i=1 — =1 (1 3)
M M

Y ]
Z w;v(d,) Z%‘
i—1 i=1

where ¢, is the volume fraction of the dispersed phase drop-
lets in the ith partition and the total volume fraction (hold
up) of the dispersed phase is:

Nﬂ
b, = D¢ (14)
i=1

The discrete form of the source terms given in Table 2
could be written as follows [19]:

M,
- .
e ZHi,krkwk (15)
k=i
Mf[f
b _
Tei = —I'q, + ZHi,kaqk (16)
k=i
Mmax(i) ©
_ k
me =% Z Wik 4
k=1 o( k)
Kmax(i)  Jmax(ik) (17)

<Z>
+ Z Z w, YT PPy
k= Kmin(i) j=Jmin(i,k)

Mmax(i) @
° S =—q w. k

Kmax(i)  Jmax(ik) )
+ D > Wy (18)
k=Kmin(i) j=Jmin(ik)

U(dk)

v(d;) + v(d,)

P + P14,

v(d;) + v(d,)

The ith interaction coalescence matrix, 111;;’?, represents

the effective number of coalescence events reporting in the
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ith partition with coalescence frequency w, while H L 18 an

upper triangular breakage matrix that depends solely on the
daughter droplet distribution 3 . For more details and im-
plementation aspects, the interested reader could refer to
Attarakih e al. [19,20]. Note that the source term given by

Eq. (16 & 18) takes into account the presence of mass trans-
fer and could be reduced to the pure hydrodynamic source

=1 (g, = ;).
The indices appearing on the summations in the loss and
formation terms for droplet coalescence: Kmin(i)),
Kmaz(i), Mmax(i), Jmin(i,k) and Jmax(i,k) represent
the locations of the nonzero elements of the ith interaction

matrix and depend on the droplet diameter grid structure
once it becomes available.

term given by Eq. (15 & 17) by setting €, ;

To complete the mathematical model described above,
boundary and initial conditions are required. Concerning the
boundary conditions, we adopted those of Wilburn [43],
while the inlet bivariate number density is taken as:

f;ﬁy (d, cy;t) = f"(d;t) x ¢, which means that all the inlet
droplets have the same uniform solute concentration.
Internal Coordinate Discretization: Reduced Model

The solute population balance equation (Eq. (7)) could be
further reduced in terms of the mean solute concentration

(¢,) for all droplets having sizes in the range:[d,d + 0d] at
any point in space and time. This is done by expanding the
= f,(d;z,t)0 (c -C (z t)).

The formal substitution of the last expansion in Eq. (6) after

bivariate density function as fd_

multiplying it by va(d> and integrating with respect to c,

from zero to ¢

) max and with respect to d from d_. to

min

d one can get the mean solute concentration in the dis-

max

persed phase:
oiE
B, 0[5 )
ot 0z b, 0z
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Qlﬂ
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~

L

d
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The solute concentration in the continuous phase reads:
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Note that three types of the continuous phase velocity
u, can be distinguished: the steady state, oscillatory and non-

oscillatory models [19] and are given in the appendix.

SPATIAL COORDINATE DISCRETIZATION

Eqs . (11), (12) and (20) (detailed model) or (11), (19)
and (20) (reduced model) represent a system of conservation
laws that are coupled through the convective and source
terms and are dominated by the convective term for typical

values of Ey and Uy encountered in LLECs (Peclet

No.=1x1 ()3Hk -2x1 ()3Hk). Due to the dominance of the con-
vective term it is expected that the hold up profile in each

partition (0, ) will move as a function of time along the col-

umn height with a steep front. Therefore, accurate front
tracking discretization approaches are to be used such as the
non-oscillatory first and second order central difference
schemes [44]. Let the ith convective flux be denoted

asF, = w, p; and the staggering spatial  grid:

Zaijs = 4 + Az /2 and the average cell hold up as

Z111/2 . .
P = fz / @;(t,2)0z / Az. The convective flux is then
1-1/2
discretized in conservative form using the Kurganove and
Tadmor [44] central difference schemes (see Attarakih et al.
[19]) for a detailed spatial discretization algorithm), while
the implicit Euler method by lagging the non-linear terms is
used for time discretization. The resulting system of alge-
braic equations is diagonally dominant and hence it con-
verges to the steady state solution with negligible sensitivity
to the magnitude of the time step [19].

SAMPLE PROBLEMS
Parameter Estimation Using an RDC Column (DN-150)

In this section a sample problem is considered to illus-
trate the basic features of the LLECMOD and the coales-
cence parameters estimation package including the main
input parameters and the user input functions. For this pur-
pose, the steady state experimental data for the hydrodynam-
ics of a laboratory scale RDC column whose dimensions are
shown in Table 3 were utilized initially to estimate the coa-
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lescence parameters. The chemical system used is the EFCE
test system: water/n-butyl acetate whose physical properties
are available online (http//dechema.de/ extraktion). Due to
the relatively low interfacial tension of this system, the drop-
let coalescence as well as breakage has an important effect
on the column hydrodynamics.

Additionally, the experimentally correlated droplet trans-
port functions, the breakage frequency and the daughter
droplet distribution based on the work of Modes [62] and
Schmidt ef al. [54] were used. These were determined based
on single droplet experiments carried out in a column seg-
ment having one compartment of the total height of 0.03 m.

The droplet rise velocities and the breakage probability
functions are determined using digital image processing,
while the axial dispersion coefficient of the dispersed phase
is determined using residence time distribution analysis for a
mono-dispersion of droplets of specified diameters. The dis-
persion coefficient of the continuous phase was taken from
the work of Steiner and Hartland [73]. As a suitable velocity
law based on the selection chart detailed in the book of God-
frey and Slater [2], the Klee and Treybal [45] velocity law
was used to estimate the terminal droplet velocity, which

was then multiplied by (1 — gby) to take into account the

droplet swarm effect. The slowing factor, K , of Modes
[62], adapted after a correlation of Godfrey and Slater [50],
and the axial dispersion coefficient, ljy ,are:

K,(d.N) = 1-1.037(N°D} |

0.44 21
d

- 0.62[—
D, - D,

D7
—~L =0.0138 +8.26 x 10"
uy K

ND 3.3
Mg (22)
ﬂU

where N is the rotor speed (s™), Dy, and D are the rotor and
stator diameters, respectively.

The droplet breakage frequency and the daughter droplet
distribution are correlated based on single droplet experi-
ments and are given by:

ﬂy(d’%)‘

I'(d,¢,) = R(d,N)‘ (23)

C

The breakage probability, p,_, is correlated with the sys-

tem physical properties and the energy dissipation in the

Table3. RDC Column Geometry
Column diameter (m) 0.15 Column height (m) 2.550
Stator diameter (m) 0.105 Dispersed phase inlet (m) 0.250
Rotor diameter (m) 0.090 Continuous phase inlet (m) 2.250
Compartment height (m) 0.030
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following form after Modes [62] based on a correlation after
Cauwenberg et al. [74]:

Pr _19.10%.
1- D,
2.88 (24)
pSB,LLdeD]l?G (271')1'8 (NI.S B N;Z)
o

where Nz is the critical rotor speed below which the
breakage probability falls to zero and H, is the RDC com-

partment height. The daughter droplet distribution is as-
sumed to follow the beta distribution [74]:

, d) 4 25)
B,(d]d") =390 —1)|1— 7 75 (

where 1} is the mean number of daughter droplets produced
upon breakage of mother droplet of the diameter d'. It is
experimentally correlated and found dependent on the energy
dissipation having a value > 2.

First, the coalescence constants were estimated for the
system water/n-butyl acetate using the coalescence parame-
ter estimation package (s. appendix) at different rotational
speeds. The detailed internal RDC column geometry is
shown in Fig. (1), which is based on the values given in Ta-
ble 3.

Fig. (2) shows the results of fitting the steady state cumu-
lative volume distribution at the outlet of the five-
compartment RDC column using 30 experimental data
points. It is evident that there is a very good agreement be-
tween the experimental and predicted densities. The mean
values of the estimated coalescence parameters are:

Cy = 0.0694 and C, =1.3x10" m 2, where the objec-
tive function (Eq. (28)) is not very sensitive to changes in the
values of the constant C, . This constant may vary +/- 50%,

which agrees to the reported results in the published litera-
ture (Alopaeus et al. [18,65]).

Second, the estimated parameters above were used to
simulate a pilot plant RDC column with the total active
height of 1.76 m, where its characteristic dimensions are
shown in Table 3. In all the numerical simulations the inlet
feed distribution is based on the measured values. The nu-
merical integration is carried out using the IME FVS solver
with grid, having a dimension of 70x20. The doubling of the
grid size shows no principal differences in the predicted re-
sults. The minimum droplet diameter is chosen to lie above
the critical droplet diameter for stable droplets, according to
Schmidt et al. [54]:

D-2/3M d4/3
Ny = 0016 ——
(p,p,)
0,5
D'Z/?’u 443
R y g 26
(0.008 ") + 0,127 — 7 (26)
(p,p,) p,Dy"d
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The user input parameters using the LLECMOD main
input dialog are shown in Fig. (1). The input parameters and
data shown in Fig. (1) and Fig. (A1) are echoed on the
LLECMOD working space before the space time integrator
is started. When the final simulation time is exceeded or the
steady state tolerance is achieved the LLECMOD presents
the results in graphical form showing the most important
data for the simulation such as the hold-up, Sauter diameter
and droplet size distribution as well as a summary of the
simulation results displayed in a separate window.

IE

I LLEC Intemnal Geometries

~ Rotating Disc Contactar [ROC)

Terminal Velosity Slowing Factor

Kv=T-K TN 3D 5] E1 K2 d/(Ds-D 1)) 'E2
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‘KW_: [io3

k2 [azn

iH ator Diameter (m] ID 030

{Shator Dismeter [m] [o:08

!Companmenl Height ] |U.030

Cloze and Continue |

Fig. (1). The LLECMOD input dialog for internal RDC column
geometries.
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Fig. (2). Comparison between the modelled and experimental cu-
mulative volume distribution at the outlet of a short segment RDC
column at steady state for the system water/n-butyl acetate.

Fig. (3) depicts the cumulative droplet volume distribu-
tions at the top of the column using two agitator speeds: 150
and 200 rpm. It is evident that the two steady state distribu-
tions are well predicted and the volumetric distribution is
shifted to the left as the rotor speed is increased indicating
the increase of the breakage rate. This fact is elucidated by
closely examining the hold-up profiles Fig. (4), where the
hold-up at 200 rpm rotor speed is increased due to the in-
crease of small droplets residence time. Although the steady
state hold-up profiles were not accurately predicted, espe-
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cially at the bottom of the column, the general trend is pre-
dicted.
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Fig. (3). Comparison between the modelled and experimental cu-
mulative volume distribution at the outlet of a pilot plant RDC col-
umn at steady state using the system water/n-butyl acetate.
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Fig. (4). Predicted and simulated hold-up profiles in a pilot plant
RDC column at different rpm using the system water/n-butyl ace-
tate.

The CPU time requirements on a PC of 700 MHz speed
for this case is 128 s using a steady state tolerance of 107" ;
however, this time could be reduced if larger tolerance value
is used. The performance of the other solvers has been ex-
tensively tested by Attarakih et al. [19], and was found to
produce identical results at steady state. However, for tran-
sient simulations the first order solvers (IME FVS and IME
KT1) suffer from numerical diffusion due to the steep mov-
ing fronts of the droplets hold-up of different sizes. This nu-
merical diffusion is greatly reduced when the second order
solver (IME KT2) is used and, thus the moving fronts can be
captured correctly.

Fig. (5) shows again that the droplet coalescence is
dominant at the 150 rpm rotational speed as indicated by the
increase of the mean droplet diameter along the column
height. As the rotor speed is increased to 200 rpm, the two
interaction droplet mechanisms (breakage and coalescence)
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are almost balanced with slight dominance of droplet break-
age. This fact is reflected by the model of Tsouris and Tav-
larides [17], where the coalescence efficiency decreases as
the energy input increases. Moreover, the steady state dis-
continuities due to the dispersed and continuous phases inlets
are highly resolved due to the non-uniform spatial grid used
in the simulation. In both experiment the largest experimen-
tal error was at the measuring probe at 0.75 m. However, this
phenomenon did not repeat with other chemical systems
tested [26] and may be due to impurities within the probe.
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Fig. (5). Predicted and simulated Sauter droplet diameter in a pilot
plant RDC column at different agitation using the system water/n-
butyl acetate.

Fig. (6) gives the evolution of the dispersed phase flow
rate at the top of the column using the oscillatory and non-
oscillatory velocity models given in Table Al. It is clear that
the two velocity models are only identical at steady state,
where the conservation of mass is exactly satisfied.

3.50E-05

3.00E-05

2.50E-05

N—— steady state

3 2.00E-05 PP oscillatory
<E ™ - —. non oscillatory
+— 1.50E-05 -
<

1.00E-05 4

5.00E-06

0.00E+00 T T

0 100 200 fime (g) 300 400 500

Fig. (6). Comparison between the oscillatory and non-oscillatory
velocity models in a pilot plant RDC column at 200 rpm the system
water/n-butyl acetate.

SIMULATION OF AN RDC COLUMN (DN-150)

The hold up, Sauter mean diameter and continuous and
disperse phase concentrations profiles are used as experi-
mental reference data in the framework of the AiF-joint pro-
ject "From single droplet to extraction column" of RWTH
Aachen, TU Munich and University Kaiserslautern (see also:
http://dechema.de/extraktion "Kolloquium 10. 03. 2005"). In
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Table 4 the most important simulation parameters are sum-
marized with hydrodynamic data from Schmidt [26], and
mass transfer data from Garthe [75].

Table4. Simulation Parameters RDC (DN-150)

Initial solute concentration (weight-%) 5.579
Final solute concentration (weight-%) 3.953
Volume flow rate of dispersed phase (l / h) 48.00
Volume flow rate of water (l / h) 40.00
Throughput ( n° / m2.h) 4.987

Phase ratio ¥ = Qy,in / Ql,_m 1.20

Stirrer rotational speed (rpm) 200

Fig. (7) shows the hold-up profile of the disperse phase
for the RDC DN-150. The discrepancy of the simulated ex-
perimental results from those obtained in the experiment
amounts to 5%, 20%, and 12% in the lower, centre and top
parts of the column respectively. The hold-up was measured
with a gate-valve along the column height, a destructive
measuring principle, which delivers reliable results. In Fig.
(8) are the simulated and experimental Sauter mean diameter
profiles. The relative errors are 10% and 5% in the lower and
top parts of the column respectively. Fig. (9) shows the
simulated and experimental solute concentration profiles in
the continuous and dispersed phases along the column
height. The relative error is less than 10%, with the excep-
tion of the dispersed phase concentration at the column exit.
For this specific case, the correlation of Handlos and Baron
[36] was used as a mass transfer mode assuming oscillating
droplet behavior. Additionally, the correlation of the distri-
bution coefficient according to Schmidt [26] was used. For
further simulations, the reader can consult Steinmetz et al.
[32], and Schmidt et al. [54].

RIHCTN-150
Taluene Water Aeetome
=48 [Lh]. Go=4 [
» =42 [VhI. Cie=4 [Wh], = Exp. Daten: Hold-Lp

N=220 [ 1/min]

Simulation: Hold-Up

Hald-Up [2:]
- -
Pty
—a—
—a—

L] a5 1 18 2 25 2 A 4 45
Calumn height [m]

Fig. (7). Comparison of simulated and experimental hold-up pro-
files for RDC DN-150.

SIMULATION OF A KUHNI COLUMN (DN-150)

The simulation of a Kiihni column (DN-150) is carried
out using LLECMOD with a specified correlations for mass
transfer, droplet velocity as well as the breakage and coales-
cence frequencies. The experimental data at steady state
from Zamponi et al. [76], were used for comparison and the
simulation parameters are summarized in Table 5. The simu-
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lations were done at a rotational speed of 160 /min with
water inflow of 130 1/h and solvent flow rate of 130 1/h, 160
I/h and 190 1/h. Both coalescence parameters, according to
the model of Coulaloglou & Tavlarides [11], were estimated
at rotational speed of 160 I/min. The results of simulations at
a rotational speed of 190 1/min show that the hydrodynamics
of the column is inaccurately predicted with this parameter
set.

4
I IV-H0 DN S0

35 T Toluene/Water/Aeetone
Qulmds |Vh], Cicmsid [,

=220 [ Fmin]

W Exp:D3z m—Simulation; D32

+ t t + + t
o 05 1 1.5 2 25 3 a5 4

Column height [m]

Fig. (8). Comparison of simulated and experimental Sauter mean
diameter (d32) for RDC DN-150 (experimental data are from
Garthe [75].
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=——Simulation: Conti-Phase
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Fig. (9). Comparison between simulated and experimental concen-
tration profiles for RDC DN-150 (experimental data are from
Garthe [75]).

TableS. Simulation Parameters Kiihni DN-150
Initial conc. of solute (weight.-%) 5.00
Final conc. of solute (weight.-%) 0.00

Volume flow rate of dispersed phase (I/h) 130/160/190

Volume flow water (I/h) 130.00

Throughput (m*m>h™) 16.12
Phase ratio ¥ = Qy,in / Ql,_m 1.28
Stirrer speed (rpm) 160
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Fig. (10) shows the hold-up profile at different volumet-
ric flow rates. The relative error in the simulated hold up for
different dispersed phase flow rates (190 I/h and 160 1/h) is
smaller than 5%. It is 8% for a volumetric flow rate of 130
I/h. Note that the change in the dispersed phase volumetric
flow rate significantly affects the steady state hold up profile.

20 -
= 15
=
3
k]
:E 0+
B Exp.: Od=130; Qe=125 L]
+ Exp.: Qd=160; Qc=125[h
54 & Exp.: Ode=190; Oc=125 [h]
=Simulation: Od=130; Oc=125 [Vh]
—Cimulation: Od=160; Ge=125 k]
Simulation: Od=190; Ge=125 [h]
0~ T T T
L] 0.5 1 1,5 2 2,5 3 a5 4

Column Right [m]

Fig. (10). Hold up profiles for Kiithni column DN-150, dispersed
phase: toluene (experimental data are from Zamponi [76]).

Fig. (11) shows the concentration profile at rotational
speed of 160 rpm and flow rate of the disperse phase of 160
1/h. The aqueous phase flow rate is 125 1/h at the initial con-
centration of 5 weight-% solute. The simulations were done
with the EFCE equilibrium parameter set (Misek et al. [77]),
as well as the parameter set corrected by Schmidt [26] by
taking into account the concentration dependent distribution
coefficient. Comparison between the experimental and calcu-
lated concentration profiles over the total column-height
show a relative error of less than 5%.
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Fig. (11). Concentration profile in a Kiihni column DN-150, dis-
persed phase: toluene (experimental data are from Zamponi [76],
solid lines Schmidt [26], dotted lines EFCE).

CONCLUSIONS

In this work the SDPBE [78] has been solved using the
numerical algorithms developed by Attarakih [19,20,29] and
are utilized successfully to develop the basic features of a
Windows-based program called LLECMOD for the simula-
tion of coupled hydrodynamics and mass transfer for general
liquid-liquid extraction columns. A parameter estimation
package for the droplet coalescence models is developed
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based on the inverse solution of the population balance equa-
tion in a short segment of an agitated column. These pack-
ages are based on the spatially distributed bivariate popula-
tion balance equation describing the interacting liquid-liquid
dispersions, taking into account droplet transport, breakage
and coalescence as well as solute transfer. The user-friendly
input dialogs and the user functions input modules make the
program very general and simple to use. For steady state
simulation purposes, the IME FVS solver is found to be the
best when very sharp hold-up profiles are not expected to
occur. However, the accuracy of the spatial second order
solver (IME KT2) makes it very attractive for transient simu-
lations without appreciable increase in the CPU time. The
LLECMOD has extensively validated against experimental
data obtained in RDC and Kiihni columns of DN-150. It
provides a useful tool for the scale up and simulation of agi-
tated liquid extraction columns based on the detail nature of
the discrete dispersed phase.

NOTATION

AC column cross sectional area, m’

C; coalescence constants

Cx7Ey solute concentrations in the continuous and

dispersed phases respectively, kg-m™

as defined in Table 1

1 '

c . ,C
y,min’ 'y, max

D, Dy continuous and dispersed phases axial dis-
persion coefficients respectively, m*-s”

D,,D D, column, rotor and stator diameters respec-
tively, m

d,d' droplet di

plet diameter, mm

d; characteristic droplet diameter in the ith

partition, mm
min? Cnax minimum and maximum droplet diameters,

mm

I [’)d@cy number of droplets having concentration

! ¢, and diameter d in the range

[d,d + dd] x[c,,c, + Oc,]

h coalescence frequency s™

H, H, column and single compartment heights
respectively, m

K slowing factor

v
Kgp total specific throughput m*-m*s™
o overall mass transfer coefficient, ms”

K o average overall mass transfer coefficient,
m-s

k,, ky continuous and dispersed phases individual
mass transfer coefficients respectively, m-s
1

L number of external (spatial) coordinate cells

N ) number of partitions of the internal coordi-

nate (pivots)
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N rotor speed, rpm, 5™

P breakage probability

Q) total flow rate at bottom of the column,
m’.s”!

Qins @y in continuous and dispersed phases inlet flow
rates, m’.s”

Qiop dispersed phase flow rate at top of the col-
umn, m’.s”

t time, s

Uy continuous phase velocity relative to the
column walls, m-s™

uy dispersed phase velocity relative to the col-
umn walls, ms’

Uy relative drop (slip) velocity, m-s™

u, terminal droplet velocity, m-s™

v, v’

droplet volumes, m’

minimum and maximum droplet volume,

(U]
min max

m3

w, number concentration in the ith partition

z spatial coordinate, m

2452y dispersed feed inlet, m

Zes 2y continuous phase inlet, m

Oy, as defined in Table A2

B daughter droplet distribution based on drop-
let number, m™

€ energy dissipation, m*-s™

€ machine epsilon

v phase ratio

r droplet breakage frequency, 1/s

A coalescence efficiency

Oy Py continuous and dispersed phase hold up
respectively

0} dispersed phase hold up entrained with the
continuous phase

Py Py density of the gontinuous %nd dispersed
phases respectively, kg-m’

Ly continuous phase viscosity,
kg-m’l-s'1

w coalescence frequency, m’-s™

WpyWh it rf)ltor and critical rotor speeds respectively,
s
interfacial tension, Nm™

0 TVD parameter between 1 and 2.

I(d") mean no. of daughter droplets produced
upon breakage of mother droplet of diame-
ter d’.

G time and space vector
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APPENDIX
The LLECMOD Program

The complete mathematical models described above are
programmed using Visual Digital FORTRAN with opti-
mized and efficient numerical algorithms. To facilitate the
data input and output, a graphical user interface was de-
signed. The graphical interface of the LLECMOD program
is depicted in Fig. (A1). It shows the structure of the main
input window and the sub-windows for the parameter input.
The main window contains all correlations and operating
conditions that can be selected using the drop down menus.

USER INPUT DATA AND FUNCTIONS

The above discrete formulation requires a grid structure
input for both droplet diameter and column height: d; i =1,

2, .. Np; 2, 71,2, ... L ; the breakage frequency function

I‘(dl.,Ey,qby); the coalescence frequency w(di,dj,ay,qby), the

axial dispersion coefficients for both phases: Dy (d, C0y)

D,(d, ¢,,¢,), the individual mass transfer coefficients and

the terminal droplet velocity: v, (d;,c,,¢,). The data base of

LLECMOD contains many popular correlations for these
functions (see Tables below) and the flexibility of supplying
any new correlation through a specially designed user mod-
ules written in FORTRAN90 format.

I Gmpli;cnl user interface (GUI)
Y iy = -

I Model parameters and Correlations

I Special funciions

Fig. (A1). Input mask and graphical user interface.

The input window is structured in nine levels, where all
simulation and input parameters can be selected and con-
trolled. The coloured fields in Fig. (A2) mark the distinct
input fields.

The input masks are saved in the FORTRAN90 work-
space in the folder LLECMOD DIALOG resources (see Fig.
(A3)). This is a user file with all column specific data and
operating conditions, and is stored as a TXT file in the folder
Userlnput with the filename Dialog-INPUT-OUTPUT. All
changes, which are made in the input window, are stored
simultaneously in the TXT file. The popular correlations for
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Liquid-liquid E straction Column Module
St

Typical extraction column
Analysis Type |Eﬂnstant Boundary Conditions LJ

| Tranzient Analysis |

Colurnn Geometrie
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| Calurnn Internals |
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Fig. (A2). The main input dialog of the LLECMOD showing the input of the present sample problem.

terminal droplet velocity, breakage and coalescence frequen-
cies and the individual mass transfer coefficients are given in
the Tables.

-+ LECCMOD_DIALOG resources
+--[_7 Bitmap

+ -
+-_7 lcon

Fig. (A3). Home directory for the resource dialogs.

COLUMN MODULES

The spatially distributed population balance equation is
general for any type of extraction column. However, what
makes the equation specific is the internal geometry of the
column as reflected by the required correlations for hydro-
dynamics and mass transfer. Accordingly, the correlation
parameters that are now obtained based on single droplet and
droplet swarm experiments, are considered in a modularized
structure for the simulation program.

Thus, all column specific correlations are defined in the
Userfunction file, which must be linked to the numeric
solver algorithm. The solver algorithms are defined in a
common folder including the Sources files and the column
specific user functions, where the structure is shown in Fig.
(A4).

The single modules can be attached easily to the pro-
gram. All modules must be declared in the main program.
This file is called a Maindriver, which contains all module-

and file specific variable declarations. All column specific
modules must be linked to the Maindriver file as shown in
Fig. (AS). The input of column specific data is provided on a
Windows based interface given in Fig. (A2). For each col-
umn model, the operating conditions such as throughput,
inlet concentrations, rotational speed as well as geometric
parameters can be specified. To facilitate the input of these
data, the parameters input is realized directly in input frames
containing a short description of the kind of parameter and
an input field. The input fields contain the default parameters
as initial values which could be easily changed by the user.
An example for an RDC geometrical input dialog is shown
in Fig. (A6).

wiorkspace 'LLECMODMASS: 1 project(s)
= LLECHMODMASS files
=43 Source Files

STHRMazzSalversdbdod_Mini.for
UzerFunczhodezD atabd az=1_kini.for
[ Module_Q%F_RZE_eigener Salver

L3 Module_SIEVE

[ Module_ ROC

[ Module_Stacked_Column

23 Module_Dumped_Packed_Column

[ Module RDC_S0DM_1500 M

L3 Module_ KUEHMI_15000M

o [

Fig. (A4). Modular structure of the program containing the source
file, solver file and user function file for each column.
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Modul1
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Modul2
‘ Solver2 ‘

Modul3
‘ Solver3 ‘

Main Program

‘Userfunctiom ‘ ‘Userﬁunctionz‘ ‘Userfu nction3‘

‘ Sources1 ‘ ‘ Sources2 ‘ ‘ Sources3 ‘

Fig. (AS). Modular structure of the simulation program.

Kiihni-ROC

Column Internals RDC 800N -1500N
RDC
Rotor diameter [m] 0.04500

Rotor blade Height [m]

RDmrm\H\.{" e '_J.,-‘ e Stator inner diameter [m] 0.05000
_.-’;"ﬁ 5‘\ Free open area [m]
== DS 0.07000
/}"«-——-— 3 Shaft diameter [m] .

Compartment Height [m] | 0.04700

Dizpersion coefficient [active zane of the column)

Dizpersion caeff. ,7

Dispersion coeff.
asquous [m”24s] 5
I constant values

arganic [m*245]

¥ internaly calculated

Dizperzion coefficient [zettling zone of the column)

Dispersion coeff.
asquous [m”243] 0.000000100

Drispersion coeffl. | 0.ooooooion
organic [m”™245]
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Fig. (A6). Input windows for the column specific geometric condi-
tions.

GRIDS GENERATION

The spatial grid structure depends on the column geome-
try as shown in Fig. (A7) and on the minimum and maxi-
mum droplet diameters prevailing in the column. The pro-
gram provides two types of grids for both spatial domain
(column height) and droplet diameter. For droplet diameter
geometric and uniform droplet discretizations are available.
The geometric grid is useful when the sizes of the droplet
diameters vary on a wide range and is given by:

i1

d v,
—ma = 12N, + 1 (A1)

min

difl/Q = dmin

For the column height a uniform grid structure of the
form: 2, = Az(l-1), 1 =12..L is used. However,

the non-uniform grid structure is constructed by a combina-
tion of uniform grids to produce a relatively fine structure
around the dispersed and continuous phase inlets, where
permanent discontinuities appear. This provides a sharp reso-
lution of these discontinuities at steady state conditions
without excessive increase in the number of grid points. The
numeric parameters can be selected as shown in Fig. (A7),
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where grid structure, discretization scheme and integration
parameters can be changed.

Mumerical Parameters
Colurnn Spatial Grid

v Uniform Spatial Grid

40.00

Min. Drop. Diam. [mm] 0.0o
b ax. Drop. Diam. [mm] | 6.00
30

- - : 400.00 Ma. of Gauss Quad, 5.00

Sl e [Pointz for integration)

Steady state tolerance | 000000700000 1.0 ¢= theta <=2.0 100
for KT2 Sal
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Fig. (A7). Grid structure.
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DISPERSED AND CONTINUOUS
CHEMICAL COMPONENTS

PHASES

The physical properties required for the evaluation of
droplet transport and interactions (breakage and coalescence)
as well as for mass transfer coefficients are loaded from a
simple database containing the EFCE compounds [77] for
the dispersed and continuous phases. However, the user
could add the physical properties for any new chemical
component by editing the files: LLECMOD\CompData.
Otherwise, constant physical properties could be defined
directly in the input dialog of Fig. (A8).

Iritial [Sestem] properties

D ensity o [kasne] I [397. =
D ensity_d [kas/ne] | BB=2.2
“Miscosity o [kaslm=sl] | 0.00090
“iscosityd [kgAlms]] | o.ooos0
Interfacial Tension I 0. 0==40

[ ]
Diffusions coefficient
[Fick] asgueous [meS=]

Driffusiorns cosefficient
[Fick] aorganic [m@sS=]

Dristribution cosfF.

II:I, aooooooool 150

ID. Qooo0o00O00zZ27F75S0

A | o.Foooo
Carrelation | nput
from D atabase: I EFCE ;I
Coarrelation lnput
from O atabase: I EFCE j

|k, Cape
constant waluss

Fig. (A8). Input dialog of the chemical properties.

The dependences of the chemical properties on solute
concentration are programmed in polynomial forms based on
the EFCE correlations. The correlation constants are given in
the folder \LLECMOD MASSO Final\MatProp Lib which
contains several ordinary chemical systems. Moreover,
LLECMOD provides the data structure in the IK-Cape
PPDX format, which can be implemented easily in the pro-
gram.

The inlet feed distribution could be read directly from a
user-defined file in tabulated form, where it is normalized
internally according to the relation:
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phot = 2% e
Z%‘Adyz
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The second form of the feed input is based on three of the
most frequently used distributions to fit the liquid-liquid dis-
tributors or droplet distributions in agitated columns;
namely, the normal, log normal and Weibull distributions
(see Fig. (A9)). A mono-dispersed distribution is also pro-
vided to allow correlation and numerical tests. For each dis-
tribution the parameters must be defined by typical distribu-
tion parameters such as mean and standard deviations.

— Uperating Londitions
Feed Dizstribution

| Filefread) -l

Log normal
Mormal
Wbl
Mono_dizperze

Fig. (A9). Feed inlet distribution.

The file read functionality provides a useful tool to im-
port experimental evaluated distributions. The ASCII file
only contains one column, where the droplet hold up in each
partition is defined. The number of data entries must agree
with the numbers of partitions (N, ) selected in the main
input window otherwise the program will display an error
message and stop. Typical inlet distributions available are
shown in Fig. (A10) for an average droplet size of 3 mm.

‘ —&—Log-Normal —— Normal Weibull

Distribution

Dropletdiameter [mm]

Fig. (A10). Typical inlet distributions using the default parameters.

THE TERMINAL DROPLET VELOCITY

The LLECMOD has several correlations for the terminal
droplet velocity that can be chosen by the user as shown in
Fig. (A11). These velocity correlations are: Klee and Treybal
[45], Vignes [46], Grace [47], and the rigid sphere law inter-
polated between the viscous and inertial regimes [48].

Moreover, the correlation developed by Henschke [49] is
also available, where the velocity model can be fitted to the
experimental data. Typical values of the fitting parameters
for the Henschke model are given in Fig. (A12). If the user
does not choose any of these correlations, LLECMOD
automatically chooses the suitable velocity correlation by
default, based on the selection chart detailed in the book of
Godfrey and Slater [2]. Moreover, if the user has a specific
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velocity law, it can be added to the user input module as a
FORTRAN90 code. This droplet swarm effect may be taken

m

into account in a form (1 — gby) as can be found in Misek

[55]. '

Correlations [nput
|Hanl:||cns & Baron j

Welocity |K|ee and Treybal Iawﬂ

Godfrey & Slater
Henzchke
Grace law

Flee and Treybal law
Rigid sphere law
Wignes law

Fig. (A11). Selection of terminal velocity correlations.

Velocity correlation Henschke g]
& velocity model based an the most

common correlation structure
[Henschke, habil thesis, 2002)
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o5 2239 parameter 15 ta fit the curve of diopvelocity to
L enp. values
- [1B24  perameter 15t it the curve of diopvelociy ta
a_

exp. values

alpha_gr 8.0d0

Exponent related to

Fig. (A12). User defined parameter input for the Henschke model.

CONTINUOUS PHASE VELOCITY MODELS

The continuous phase velocity models required to calcu-
late the dispersed phase velocity u, are shown in Table A1.
The first velocity model corresponds to the interface level
control as shown in Fig. (A13). In this control scheme the
outlet continuous flow rate is manipulated to control the po-
sition of the interface at the top of the column. The velocity
model corresponding to this scheme shows an oscillatory
behaviour in the dispersed phase hold-up as reported both
experimentally by Hufnagl e al. [56] and theoretically by
Weinstein et al. [14] and Attarakih ef al. [19].

- :/—‘ ”

A

o o

_—-ML» Qoot

Non-oscillatory control scheme

Oscillatory control scheme
Fig. (A13). Conventional and improved dispersed phase level con-
trol.
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Table A1. Available Continuous Phase Velocity Models

Oscillatory [57]:

Qtop Qm, mn Qy ,in
—« —« _

d‘d‘(
e R I I PGl
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C

(d, d)a P)fd (d7 Z? t)ad

Quy = [ vy, (d:0(H.0). P, (d: Z,1)0d

Steady state [58]:
Q.. D
’Uz _ O{T Z,in + T %
A(1-9¢) 1-¢0z
Non-oscillatory [19]:

T Qtop o Q.r,in Qy,in

d
B e o
BT TN T fd o), (4,6, Py (2, 1)0d

Q:m'n + Qy = Qtop + Qbot ;
Qmout = (1 - ¢e )Qbot

The second velocity model assumes that the continuous time the dispersed phase hold-up is propagated along the
phase is at a steady state and, hence, it is not applicable for column (due to the hyperbolic nature of the model) causing
transient simulations, while the third velocity model is based an increase in the top flow rate, Qo -
on the control scheme shown in Fig. (A13) by adjusting the
flow rate of the incoming continuous phase. At the bottom of the column and according to the first

The oscillation in the dispersed phase hold-up could be velocity model (shown in Table AL, Qﬁfvouﬁ = A%, starts to
explained as follows. At the instant of introducing the dis- decrease to satisfy the total volume balance. As a result this
persed phase at bottom of the column, the outlet flow rate of reduction in the continuous phase flow rate at the bottom of
the continuous phase increases immediately because it is the column will decrease the dispersed phase hold-up ac-

displaced by the dispersed phase (¢, + ¢, = 1), at the same cording to U, = U, — U, .

Table A2. Axial Dispersion Coefficient Correlations for RDC and Kiihni Columns
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Fig. (A14). Mass transfer correlations available in the LLECMOD.

Accordingly, this decrease in the dispersed phase hold-up
will propagate along the column and hence causing the top
flow to decrease. This causes the continuous flow rate at the
bottom to increase and, hence, the dispersed phase hold-up
will increase again and the process repeats itself with de-

Table A3. Mass Transfer Correlations (Inside Droplets)
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creasing amplitude that is damped when the steady state is
approached.

The non-oscillatory velocity model gets rid of this reso-
nance behaviour by keeping the continuous phase flow rate
at the bottom of the column at a constant value and, hence, it
allows the inlet flow rate to vary according to:

o
1-¢,
This is found to completely eliminate the oscillatory be-

haviour of the dispersed phase hold up since its magnitude at
the base of the column is maintained constant.

AXITAL DISPERSION COEFFICIENTS

Qx,in = Qtop + Qﬂ?,o’urt o Ql/ (A3)

The axial dispersion coefficients, D, and D, for the
dispersed and continuous phases are defined in the user input
module as functions D, and Dy using FORTRANO90. These
coefficients are allowed to vary with the column height in

Author

Correlation

Comment

Newman (1931) [35]

D
k, :0,083~1+6,58~—"
t d

e

Pure diffusion, rigid droplet

Kronig & Brink (1950) [37]

D
k, :0,079-£+17,66-7"

e

Diffusion and inner circulation

Do =D+ 2048(1+x)

172

1+(2+3-K+conz/'czc) ( 1,45 j“'

aSlarer =
1+[pd‘ud] Rel/Z
p. M,

0,34
D, (4-D,-t, )"
Skelland & Wellek (1964) [79] k,=31,4- 7‘/ : [*] Sc™ . I/Veg‘37 Circulating droplets, low surface tension
u
Handlos &Baron (1957) [80] kd =0,00375 —— Oscillating droplets, internal circulation
1+ (Iu'd / lu'c )
k, =0,002.——
Pilhofer & Mewes (1979) [81] a =Y T N Empirical
1 + (:ud / #c )
]/l . . .. .
Laddah (1976) [82] kd =0,023- — Circulating droplets, f;mpmcal, derived
" from penetration theory
Slater (1994) [40] 6 V(1 4D mnt Stagnant cap model, effgcti\{e diffusion,
k = = In|| — Z — |-exXp = one empirical contamination factor
6t e <~ n d°
d-a-U,

Koschinsky& Young (1979) [39]

{56 )

2/3

€
D”ezck.d“/}pd.9610—-’y+Dd CKZSO

Modified Newman correlation with effec-
tive diffusivity
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Table A4. Mass Transfer Correlations (Outside Droplets)

Attarakih et al.

Author Correlation Comment
k—DC 2+0,67,/Re - S igi
Garner &Tayeban (1960) [83] . = 7 ( +0, €, C) Rigid dropled
Kronig & Brink (1950) [37] k = D -(O 6,/Re -SC) Circulating droplet
g =0 JRe, g drop
D
Treybal (1963) [84] k== -(0,725Re}”- 8¢ (19, ) Circulating droplet in swarm
48 0,25
(o}
Clift et al. (1978) [85] k.=12-D)| 50— Oscillating droplet
' md’ (2p. +3p, )
. D.-u S
Heertjes (1954) [86] kC =0,83- ‘d a Oscillating droplet
D. 2
Slater (1994) [87] k.= dc 7\ Xt N P One empirical contamination factor
T

the present version of LLECMOD. Typical correlations
from literature used in the LLECMOD program are given in
Table A2.

Mass-Transfer

The mass transfer fluxes in the LLECMOD program are
calculated based on the two-film theory, where the individ-
ual mass transfer coefficients are defined separately for the
continuous ( k, ) and the dispersed (%, ) phases. The correla-
tions available for the individual mass transfer coefficients
are shown in Fig. (A14) and Tables A3 and A4. In the simu-
lation of liquid-liquid extraction columns with standard
chemical systems, the Newman [35] or Handlos and Baron
[36] models could be chosen. In some cases were no solid
theoretical models are available (e.g. reactive extraction or
very slow kinetics) the recently developed correlations can
also be selected (the Wolschner [38], Bart [41], Korchinski
& Young [39], Kroning & Brink [37], Slater [40] or the User
defined model).

The mass transfer models account generally for deform-
ing droplet inter-phases, where droplet circulation and oscil-
lation can occur affecting the mass transfer performance.
Thus, the mass transfer coefficients are drop-size dependent
in the user-defined models to take into account inner circula-
tion, surfactants and the rising velocity. The input dialog for
the mass transfer user-defined model is shown in Fig. (A15).

In this dialog window the model parameters can be modi-
fied to fit the experimental data. The default values of the
correlations are taken from the published literature, and the
selection of the correct droplet state is guided by referring to
Gourdon et al. [33].

BREAKAGE FREQUENCY AND DAUGHTER
DROPLET DISTRIBUTION

The breakage frequency function I'(d,c,,¢,)can be
easily defined in the user input module using FORTRAN90

Masst transfer modell: User defined @

User deined mass barufer model based an the mast comman typ of conelatins for he dopinteria and the dap ederor,
including the cFangingof drop fom.
Cancel
(Steie:, VDI Fortschrtsberctt, Nr. 154, 1388]; (Kunar Hatland, TransiChem Vol 77, Pat , 1383), (Sience and Practice of LiguidLiud Extraction, 1397)
Mass Transfe Diop Exterir Mass Trarifer Dicp Itero
Rigd sphere (ot ciculatng) - Ree[0]] or Ede[001]andRee ] oof Rigd sphere [rat cicuating) Ree (1] o Ece[00.1]andRee 1o
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Fig. (A15). Input dialog for the user defined model taking different
droplet states into account.

format. In case that the breakage frequency is independent of
the dispersed phase hold up or the dispersed phase velocity it
is called separable; thatis, I' = I'(d,¢,) . In this case, choose

from the input menu: Breakage frequency state/Hold up in-
dependent, which is the default. On the other hand, if
I'(d,c,,¢,), choose: Breakage frequency state/Hold- up de-
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pendent. The existing data base of LLECMOD contains five
breakage frequency models. The correlations are different in
the number of fitting parameters and mathematical complex-
ity. For a general investigation of column behaviour, the
correlations of Schmidt [26], Modes [62] and Steinmetz [27]
are recommended.

The default parameters of the other correlations were
taken from the published literature. Note that most of the
correlations were developed for stirred vessels and not for
extraction columns (e.g. Coulaloglou & Tavlarides [11] and
Laso [52]. So, the parameters in these correlations have to be
refitted (for a given case) to match the experimental data.
The correlations from Laso et al. [52] and Narsimhan and
Ramkrishna [53] are strictly empirical, whereas the models
from Coulaloglou and Tavlarides [11] and Tsouris and Tav-
larides [64] are derived according to a phenomenological
base. The correlation parameters for breakage frequency
correlations employed in RDC and Kiihni columns are given
in Table AS5. The parameter input dialog for the model of
Coulaloglou and Tavlarides [11] is shown in Fig. (A16).

Table AS. Breakage Correlation Parameters [26,62]

h b f hi ks
RDC, 1310 0.33 2.78 0.016 0.127
DN 150
Kiihni, 1210% | 0476 2.58 0.136 0.028
DN 80,150
Breakage Model: Coulaloglou und Tavlarides E|
A breakage model bazed on the wark, of Coulaloglou und T avlanides.

Cancel

[Coulaloglou und T avlarides. 1977)

Equations and modell parameters

Bvi—q v Fapt up[

=%
Breakage frequency o AEEFRTE

Model Parameter C1 |0.015 todel Parameter C2 (0,025

Fig. (A16). Input dialog for the model of Coulaloglou and Tav-
larides [11].

THE COALESCENCE FREQUENCY

The coalescence frequency function w(d,d',c,,®,)is

defined in the user input module using FORTRAN90. For
the case that the coalescence frequency is independent of the
dispersed phase hold-up, it is called separable; that is,
w(d,d',c,). In this case we choose from the input menu:

coalescence frequency state/Hold up independent, which is
the default. On the other hand, if w = w(d,d',Engy)
choose: coalescence frequency state/hold up dependent.

The coalescence frequency can be estimated using four
different coalescence models available in the literature (see
Fig. (A17)). The models: Coulaloglou & Tavlarides [11],
Sovova [51], Tsouris & Tavlarides [64] are developed based
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on a phenomenological approach and the model of Laso et
al. [52] is strictly empirical. The phenomenological models
are based on the film drainage theory using the statistic colli-
sion rate and the coalescence efficiency:

w(di,dj) = h(di,dj)-)\(di,dj) (A4)
The model of Sovova [51] consists of an additional en-

ergy term to account for the boundary interfacial energy. The
model of the coalescence efficiency h(d,d') between two

droplets is an analogue to the stochastic collision probability
of two gas molecules as defined in the kinetic theory of
gases. The collision frequency is dependent on the film
drainage time and impulse exchange between two colliding
droplets.

Comelations [nput

Coalescence Tavlarides & Coalouc « |

Sovova

T avlanides & Coalouglo
Teournz & Tavalarides
Lazo

Fig. (A17). Coalescence models in the LLECMOD.

The application of coalescence parameters from the pub-
lished literature is restricted to the definition of droplets size
in the given equation. This is why some of the derivations of
the coalescence rate equations are formulated in terms of the
droplet volume rather than diameter. In the model of Colalo-
glou and Tavlarides [11] the parameters C; and C4 values
can be determined from column experiments and inserted in
the marked fields in the dialog box shown in Fig. (A18).

Coalescence Model: Coulaloglou and Tavlarides E‘

A coalescence model for binary droplet coalescence baged on the work of

Coulalaglow and Tavlarides. The coalescence mechanism for the drops is
assumed as related to film drainage. Cancel

[Alopasus et al., Chemical Engineering Science, 54, 1999)]

Equations and modell parameters

] - P
Fa.a J-q%(a +a Fialeg 22

Coalescence rate
ap

_gy_mar aa, 7
Filegr|z e

Model Parameter 3 |0.9251838

Model Parameter C4 [1./me]|1.05348d1

Fig. (A18). Dialog box for coalescence rate based on the model of
Coulaloglou & Tavlarides [11].

The typical values of the constants C,; and C, published
in the literature are given in Table A6. Note that the con-
stants are determined in stirred vessels for test systems with-
out mass transfer. In column simulations the approach of
Coulaloglou and Tavlarides [11] is more often used than the
other models. Despite its two fitting parameters, the model
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provides an easy fitting equation if the parameter optimiza-
tion program is used. Fig. (A19) shows the dialog box of the
parameter input for the model of Sovova [51].

Table A6. Coalescence Constants After Tsouris & Tavlarides
[17] Refitted by Alopaeus ez al. [65]

Author C 3 C 4 [m]
Hsia & Tavlarides [63] 4.5.10* 1.89-10"
Tsouris & Tavlarides [17] 2.17-10°* 2.28-10"
Ross et al. [66] 2.17-10* 3.0-10"
Bapat &Tavlarides [67] 1.9-10* 2.0-10*
Coalescence Model Sovova g]

& coalescence model based on the work of H. Sovova as an altemativ to
the model proposed by Coulaloglou and T avalardes. The mechanism of
coalescence of diops by film drainage is replaced by a mechanism based
on the effect of collizion impact.

[Sawova, Chemical Engineering Science, Val. 38, Mo. 9, 1981)

Equations and modell parameters

Coalescence rate Ty )= Ay O 00 O -7yt P g R g 2

. S NN AR
Colizion frequency LR i e

Model Parametsr C3 050
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model

O e ¢

s
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[coalescence effciency
parameter]

0.50
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Je e ) ]
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odel Parameter C5
[coalescence effciency 0.50
parameter]

The overal efficiency of collizionis | A=Ay 1=aiey L4y

Fig. (A19). Input dialog for the coalescence model of Sovova [51].

The model of Sovova [51] (see Fig. (A19)) consists of
three independent parameters C,, C, and C . The model is
derived with volume as the droplet characteristic size as a
product of collision efficiency ( A) and frequency (/ ):

Aw,0Y) = X (0,0 + Ay 0,0') (A5)
— A (v,0") - A (v,0")
h(v,v") = 03(1}2/3 + 0"/3)(p2/°

. (A6)
+ Uu2/9)1/2NDR2/5

Attarakih et al.

Tsouris & Tavlarides [17] (see Fig. (A20)) used a theo-
retical approach taking into account the turbulence flow field
in the column compartment. Due to turbulent motion of ed-
dies at different scales, the collision frequency was modelled
based on a phenomenological approach without any parame-
ter fitting. On the other hand, the coalescence efficiency con-
tains one fitting parameter.

Coalescence Model; Tsouris and Tavlarides g‘

A coalescence model for binary dioplet coalescence based on the wark of Tsours and Tawlarides. The coalescence

mechanism for the: drops is assumed to be related to film drainage.
Cancel
(Tsours, C., Tavlarides, L., AICKE, Vol 40, No. 3, 1934] [
Equations and modell parameters ‘
intemaly calculated |
Collision frequency “‘w-I:’;{;Q11.‘3(“1):(1:.3”1,-“’1.1 C=1872 ] +0.17. 87 s0ily ‘
e MTem] |0y
. o ¢ 3125 I¥
Aldd)-eg| -~ ¥l . .
Coalescence efficiency: 144) W[ TE (T“E}‘FJ bl [%] b <S00A=h =4004

The coalescence rate ist the result of the product of collision frequency i dad
and coalescence eficiency. wl21ded]

Model Parameter C6 7500

Fig. (A20). Coalescence model of Tsouris and Tavlarides [17] with
one parameter.

DROPLET PHASE SPACE-TIME SOLVERS

The LLECMOD provides three droplet phase space-time
solvers to discretize droplet diameter, column height and
time as shown in Table A7 [19]. The user can choose from
the drop-down menu provided by the input dialogue, the
suitable solver with IMEFVS (IMplicit Euler Flux Vector
Splitting) as the default one. In the present version, only the
IME FVS solver is available for the numerical solution of
model equations for mass transfer operations. The IME KT2
solver based on non-oscillatory central difference schemes to
avoid eigenvalue decomposition required by high order up-
wind schemes is used for spatial discretization of the PBE
given by Eq. (11).

Table A7. Available Phase Space-Time Solvers in LLECMOD

Solver Order Description

IME First order in Upwind differencing with flux vector

FVS time and space splitting with implicit Euler method.
Only the IME FVS solver can be used
for mass transfer operations.

IME First order in Non-oscillatory central differencing

KT1 time and space with implicit Euler method.

IME First order in Non-oscillatory central differencing

KT2 time and second | scheme with implicit Euler method.

order in space

This solver uses a minmod numerical flux limiter to
avoid undesirable spurious oscillations near discontinuity or
sharp fronts [44]. This limiter uses a TVD (total variation
diminishing) parameter (6 ) for IME KT2 solver that can be
chosen by the user from the input dialog. The value of the
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TVD parameter ranges from 1 to 2 with value 2 for the least
dissipative behaviour while the value 1 guarantees a non-
oscillatory scheme The minimum and maximum time steps,
the final simulation time, the steady state tolerance can all be
adjusted through the user input dialog. The reduced or de-
tailed models (based on Egs.(12) or (19) respectively) can
also be selected.

TRANSIENT SIMULATION

Using the LLECMOD program, the transient column
behaviour can be investigated numerically. To analyze the
dynamic behaviour of the column, step-changes can be ap-
plied to the inlet variables to get the dynamic step response
of the model. In the transient module, the following step
changes can be applied:

o Inlet solute concentration in the dispersed phase,C . .

yyin

e Inlet solute concentration in the continuous phase, C_ . .
e Rotor rotational speed, N .

e Volumetric flow-rate of the dispersed phase, @

yyin

e Volumetric flow-rate of the continuous phase, Q

The response of the outlet variables (dispersed phase
hold up, solute concentration in both phases, Sauter mean
droplet diameter and droplet size distribution) are plotted as
function of time and column height.

The transient analysis dialog supplies two types of time
step changes: simple step changed and two combined step
changes (multi-step) as shown in Fig. (A21). In the second
transient analysis dialog box shown in Fig. (A22), the mag-
nitude of the step changes in the input variables can be speci-
fied in the dialog of Fig. (A22) and the response of the out-
put variables will be written continuously to a user specified
files.

Transient Analysis (3]

Type of transient analysis

W Step response [~ Mulli-Step response

1 _

initial values

firpm, G, Gy,
e, 0

irpm, G, Gy,
06,0

Timestep Time [s] Timactopa L2 Timo I3

Transient Boundary Conditions to change: *Input of initial conditions

at main page

I Ratational Frequency T Flaw rate [ 1 o ¢ 1

¥ Flow rate [organic) [ Concentration (organic)

Fig. (A21). Step and multi-step changes in the input variables.
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r r

Transient change of rotational frequency *
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at | to | at to ‘
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Fig. (A22). Input dialog for transient column analysis.
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COLUMN VARIABLES INPUT DIALOG

The operating conditions of the column and its geometry
(see Fig. (A23)) can be defined in the section “Column Op-
erating conditions” defined in Table A8 and the correspond-
ing dialog is shown in Fig. (A24).

o

Diameter
«—
Height

“!oM“ I o= ! LIOI' 1]

de ZC

Lo -l.pcl~n.f nel n

S

*
N>

Z4

Colurnn Dimensions

Height [m] 3.4000
z inlet [m] 3.3000
zop inlet [m] 33000

zdp active [m]

0.E000

2d inlet [m] 0.5000
zc outlet [m] 0.0000

Diarneter_Col [m]

01500
01500

Fig. (A23). Column dimensions and flows.

Diarneter_Set [m]

THE LLECMOD OUTPUT

The output from the LLECMOD is of two types: the first
one is graphical output consisting of the most important
simulation results. These are the inlet feed distribution, the
relative droplet velocity taking into account the slowing fac-
tor K, , the hold-up along the column, the mean droplet di-
ameter (Sauter diameter) and the droplet volume distribution
at selected positions along the column. The second output is
written to a predefined text files described in Table A9.

LLECMOD GRAPHICAL OUTPUT

The results of simulation from LLECMOD can be writ-
ten to a series of text files defined in the output dialog shown
in Fig. (A25). For graphical visualisation of the results, the
following options can be selected:

e Plotting the results using the Compaq Array Visualizer.

e Plotting the results by running the MATLAB m-file
(PlotHydrodynamics.m) in the directory Output\plot.
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Table A8. Column Input Variables

Attarakih et al.

Operating conditions Dimension Explanation
Qx.m [m’s"'] Continuous phase flow rate
Qy.m [m’s"] Dispersed phase flow rate
4 +
Throughput [m/(mh)} Qo= 27 QT Qe
D2 1000
Phase ratio [ = “Yyn
Qx,in
Agitator speed [rpm ] Rotor rotational speed
Oz,in [kg/m?] Solute concentration in the continuous phase.
[kg/m?] Solute concentration in the dispersed phase.
y,in

_Q._y ,out
-
== Qx ,in
O la Operating Conditions
I:I:‘: - Feed Distribution Mormal al
F Flow rate
1=  Lorganic] [itre/h] 160.00
*lle Flow rat
= (amcuoue) fives] 112200
P Troughput ,7
[r/mh]
o, I Phase ratin I
=i [organic//asquous]
HIEs
mé‘ﬁlmm Agitator Speed [rpr] 160.0
o
4[| = Concentration Ce [kg/re] | 0.000
E‘ ? Concentration Cd [kg/ré] | 0.000
e .
Qy,m
-—
Qx ,out
Fig. (A24). Input dialog for the column input variables.
Table A9. LLECMOD Output Files
Output file Description
MatPropFile.txt Concentration dependent chemical properties along the column height

HUPMATRIX1.txt

Droplet-size distribution along the column height.

HoldupSs1.txt

Hold up, Sauter mean diameter, number distribution, solute concentration in the continuous and dispersed phases

along the column height.

TerminalDropVelocity.txt

Terminal drop velocity of each representative size

OutPutPath.txt

Listing of the output path, directory and file-names

ColumnDimensions.txt

Contains the column geometry
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The Compaq Array Visualizer is a program distributed
with Compaq Digital FORTRAN. A sample of the
MATLAB plots showing the steady state and transient re-
sponses is shown in Fig. (A26, a, b, ¢, d, e). Note that for
writing the output files in a specified folder, the path of the
directory must be defined as given in Fig. (A25). A short
description of the output files is given in Table A9.

Output of LLECMODMASS0
Dipnamic Output Output path:

|C: SLLECHODMASSO Modularizierung Sto
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PSR NN (a)

Droplet Distribution (1/mm)

Dyn. PlotFlag Holdup
¥ disable [ enable

Dyn. PlotFlag Concentr.

¥ disable [ enable

Output Format:
Output Files:

1-Total Hald up
2-Clasz Hold up

3-Trangient Top

| unforrnat ﬂ

|HOIdupSs1 bt
||:!tTrans1 bt

|HUPMATF!I><1 [

Dizpersed flow

[ Dyn.Output Files enable W Don Output Files disable

lower tirne limit [=]
upper time limit [s]

Close and Continue

Fig. (A25). Output dialog for the simulation results.

In addition, some extra files can be generated containing
the time dependent transient column behaviour. In detail, the
concentration and hold-up profiles and all significant opera-
tion properties can be recorded dynamically. This functional-
ity can be enabled by selecting the option Dynamic output in
LLECMOD main dialog. The simulation results are plotted
continuously with the Compaq Array Visualizer limited by
an upper and lower time domain. The resulting transient files
can be evaluated with Excel or MATLAB if Dyn. Output
Files enable was activated.

COALESCENCE PARAMETERS ESTIMATION PAC-
KAGE

Droplet coalescence is sensitive to hydrodynamics,
physical-chemical properties, interfacial dynamics and mass
transfer. Currently, there is no general correlation to predict
the coalescence rate. However, basic experiments in a Ven-
turi-tube have shown that the coalescence probability of
droplets strongly depends on the droplet size, the hold-up
and system properties [68-70].

Therefore, it is not possible to introduce a correlation for
predicting the droplet coalescence independent of solving the
population balance equation describing this phenomenon.
This is because droplet coalescence is more complex than
droplet breakage, which is related to the turbulent structure
of the continuous phase.

The physicochemical properties of the continuous phase
and the turbulent fluctuations play an important role in drop-
let coalescence. It is believed that droplet coalescence occurs
if the contact time between any two randomly coalescing
droplets exceeds the time required for the complete interven-
ing film drainage and rupture. Coulaloglou and Tavlarides
[11] expressed the coalescence frequency as a product of
collision rate and coalescence efficiency based on the kinetic
theory of gases and obtained the following expression:

1/3

1/2
Cg;—_qﬁ(d + dv)Q(d2/3 + d'2/3)

w(d,d',6,,P) =
(A7)

X [ dd' ]4
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Fig. (A26):(a) Droplet volume density (b): Sauter mean diameter,
(c¢) solute concentration profiles, (d): dispersed phase flow rate
response, (e): dispersed phase hold up response along the column.
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To determine the unknown constants: C; and C, the

droplet coalescence was investigated experimentally in a
small laboratory-scale device, which is an RDC segment
consisting of five compartments similar to the geometry
given in Table 3 and having a diameter of 0.15 m.

Droplet size distributions were measured at the inlet and
the outlet of the segment. The phase flow rates were set in a
range between 13.9 and 27.8 150 to 300 rpm. To estimate
C, and C,, an integrated optimization package was devel-

oped to solve this inverse problem based on the present
mathematical model that is simplified (by neglecting the
axial dispersion) for this small scale device. The program
estimates the unknown coalescence constants by specifying a
coalescence model. These constants are obtained by an in-
verse solution of the PBE through minimizing the sum of
squares of errors according to the following objective func-
tion:

x2(¢)=[F —F(c)]'[F — F(c)] (A8)

where ¢ is the unknown coalescence constants vector (e.g.
c = [c¢, c,]). Therefore, the simulated steady state outlet

cumulative distribution f is fitted to the experimental one,
F , by varying the coalescence parameters vector €. This
procedure is carried out using the Rosenbrock method (see
Raman [71]), which uses only the function values and util-
izes simple bounds on the estimated constants. Moreover, the
optimisation algorithm is reinforced by a multivariate statis-
tical tool to estimate the confidence intervals for the calcu-
lated constants. The performance of the Rosenbrock algo-
rithm was also tested against the standard IMSL subroutine
DBCPOL based on the direct search complex algorithm (see
Fortran Subroutines [72]).
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